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a b s t r a c t

Continuity and momentum equations govern the pore-scale flow properties of the fluid in the porous
media, whereas Darcy’s law governs Darcy scale properties of the fluid transport in porous media. The
empirical shift factor relates the steady shear-dependent viscosity of non-Newtonian fluids to the
Darcy viscosity in porous media. The reported values of the empirical shift factor cover three orders of
magnitude depending on the considered fluid-medium configurations. This creates a challenge to upscale
non-Newtonian rheology from pore-scale to Darcy’s scale. We upscale Darcy viscosity based on pore-
scale shear viscosity of Meter model fluid and viscoelastic linear Phan-Thien-Tanner fluid. We propose
a Bundle-of-Capillaries model modified with pore-correction coefficient and fluid-correction coefficient.
We numerically simulate the flow of polyacrylamide fluid, modelled using Meter model and linear Phan-
Thien-Tanner model, through 3D symmetric micro-channel, 2D porous medium and 3D Mt Simon sand-
stone. Pore-scale direct numerical simulation using linear Phan-Thien-Tanner model showed viscoelastic
instability in heterogeneous Mt Simon sandstone at low Reynolds number flow. Direct numerical simu-
lations overestimate Darcy viscosity due to the presence of stagnant zones without active flow.

� 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Polymeric fluid flow in porous medium is of significant impor-
tance in many engineering applications such as enhanced oil
recovery. Most of the polymeric solutions employed for the
enhanced oil recovery applications show non-Newtonian beha-
viour (Bird et al., 1987; Savins, 1969; Sorbie, 2013; Xie et al.,
2018). The commonly used non-Newtonian fluids (i.e. xanthan
gum (Patel et al., 2020; Song et al., 2006) and polyacrylamide solu-
tion (Kawale et al., 2017; De et al., 2017)) for oil recovery show vis-
coelastic properties. The rheology of non-Newtonian fluids can be
studied considering non-Newtonian fluid as a generalised Newto-
nian fluid (e.g. power-law, Bingham, Cross, Carreau, Elis, Meter
model etc.) or viscoelastic fluid (e.g. Maxwell, Oldroyd-B, Giesekus,
Phan-Thien–Tanner model etc.) (Alves et al., 2021; Bird and
Carreau, 1968). These models are derived based on an empirical
approach with many simplified assumptions; thus, each model
has its own limitations and cannot universally be applied to all
types of non-Newtonian fluids (Bird and Carreau, 1968).

The flow of polymeric solution in rheometer is remarkably dif-
ferent from that of the flow in porous medium. The reason could be
(Afolabi et al., 2019) (i) the porous medium has complex geometry
compared to rheometers; (ii) the presence of many expansion and
contraction in the porous medium expose polymer to the various
amount of shear stress (Sorbie, 2013); (iii) mechanical retention
and adsorption of the polymer change the geometry of the porous
medium. To describe polymeric fluid behaviour in porous medium,
apparent viscosity or Darcy viscosity is a commonly used terms in
the literature (Afolabi et al., 2019; Sorbie, 2013; Berg and van
Wunnik, 2017; Rodríguez de Castro and Agnaou, 2019; Rodríguez
de Castro et al., 2020). Darcy viscosity (gdarcy) is defined using
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Darcy’s law as (Savins, 1969; Bird et al., 1987; Rodríguez de Castro
and Radilla, 2017),

gdarcy ¼
Ak
Q

dP
dx

¼ k
Udarcy

dP
dx

ð1Þ

here, A [m2] is the cross-section area of the porous medium, k [m2]
is the intrinsic permeability, Q [m3/s] is the volumetric flow rate,
and Udarcy [m/s] is the Darcy velocity, dPdx[Pa/m] is the pressure gradi-
ent. The Darcy viscosity is generally measured by performing core
flood experiments (Sorbie, 2013). Darcy viscosity of the polymeric
fluid in porous medium depends on non-Newtonian rheology (mea-
sured using rheometer), inaccessible pore volume, degradation of
the polymer due to mechanical or chemical forces, adsorption of
polymer on pore surface, elastic stretching of polymeric molecules
(Rodríguez de Castro et al., 2016; Kawale et al., 2017). Thus, the val-
ues of shear viscosity and Darcy viscosity for same non-Newtonian
fluid show shift in the viscosity profile (Sochi, 2010; Berg and van
Wunnik, 2017; Savins, 1969; Rodríguez de Castro and Agnaou,
2019; Perrin et al., 2006).

1.1. The shift factor

The analytical solution of fluid flow in a circular capillary for the
power-law model (g ¼ m _cn) is used in bundle of capillary model
along with the Blake-Kozeny equation to determine hydraulic
radius (Rh), Darcy viscosity (gdarcy), and Darcy shear rate ( _cdarcy) of
the porous medium as (Skauge et al., 2018),

Rh ¼
ffiffiffiffiffiffiffiffiffi
8kw
/

s
ð2Þ

gdarcy ¼
3nþ 1
4n

� � 1
n�1 Rh

2m
dP
dx

� �1=n

ð3Þ

_cdarcy ¼ 4
3nþ 1
4n

� � 1
n�1 Udarcyffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8kw/
p

 !
ð4Þ

here, g [Pa�s] is the shear viscosity, _c [s�1] is the shear rate, w is the
tortuosity, / is the porosity, m and n are model parameters of
power-law fluid. The correlation between Darcy shear rate and
Darcy velocity is defined using shift factor (a) as (Berg and van
Wunnik, 2017; Savins, 1969; Rodríguez de Castro and Agnaou,
2019; Rodríguez de Castro and Radilla, 2017; Tosco et al., 2013),

_cdarcy ¼ a
Udarcyffiffiffiffiffiffiffi

k/
p ð5Þ

here,
ffiffiffiffiffiffiffi
k/

p
is the microscopic characteristic pore length (Savins,

1969). The empirical shift factors are introduced in the definition
of the porous medium’s shear rate in order to fit the Darcy viscosity
(gdarcy) to the shear viscosity (g) (Zhang et al., 2019).

Balhoff and Thompson (2006) developed a macroscopic model
to study the effect of fluid rheology and bed morphology on the
flow of Ellis model fluids based on a pore-network model. Berg
and van Wunnik (2017) carried out pore-scale simulation in sand-
stone rock and pointed out the shortcoming of Cannella or Blake–
Kozeny equation for correlating shear rate with the Darcy viscosity
using empirical shift factor (a). Zami-Pierre et al. (2017) studied
the effect of the depletion layer at pore-boundary on quantification
of the Darcy viscosity. Pore network modelling has been used to
study the effect of shift factor on in situ rheology in the porous
medium (Lopez, 2004; Sochi, 2010).
2

Rodríguez de Castro and Agnaou (2019) numerically studied the
effect of shear rheology model (power-law, Carreau model and
Herschel-Bulkley model), pore size distribution, and geometrical
variability on Darcy shear rate and Darcy velocity in the porous
medium. Rodríguez de Castro and Radilla (2017) proposed a frame-
work to relate the shear viscosity of Carreau model fluids with the
Darcy viscosity in fractured porous medium. But, the authors
neglected low-shear-viscosity plateau of Carreau model in the for-
mulations for Darcy viscosity, given that only moderate and high
shear rates were involved in their experiments. Zhang et al. pro-
posed a correlation for a for the flow of the Cross model fluid in
a rough fracture and showed that a depends on geometric tortuos-
ity (Zhang et al., 2019). Zamani et al. (2017) showed that a is a
function of the porous medium properties (i.e. coordination num-
ber, tortuosity, aspect ratio) and rheology of the fluid. The signifi-
cance of the shift factor is established for non-Newtonian fluid
flow in the porous medium (Sorbie, 2013; Berg and van Wunnik,
2017; Rodríguez de Castro and Agnaou, 2019; Rodríguez de
Castro and Radilla, 2017; Skauge et al., 2018; Zhang et al., 2019;
Zami-Pierre et al., 2017; Zami-Pierre et al., 2016; Eberhard et al.,
2019). We note that the values of a vary three orders of magnitude
in literature (Berg and van Wunnik, 2017; Rodríguez de Castro and
Agnaou, 2019; Skauge et al., 2018).

The oversimplified approach to estimate the shear rate (e.g.
avoiding pore-size distribution and effect of non-circular cross-
sections (Zamani et al., 2017)) and neglecting heterogeneity of por-
ous medium in these models make the estimation of Darcy viscos-
ity and Darcy shear rate of non-Newtonian fluids inconsistent.

Majority of the fluids in porous medium flow at low shear
values. The power-law model fails to describe Newtonian
behaviour (i.e. constant viscosity plateau) of polymeric solution
at low-shear values. Ellis model gives extremely low viscosity val-
ues at high shear rate (Matsuhisa and Bird, 1965; Sochi and Blunt,
2008). Bird et al. (1987), Yasuda (1979), Cross (1965), Meter and
Bird (1964) models correctly depicts S-shape type shear thinning
behaviour (i.e. Newtonian plateau at low as well as high shear val-
ues and decreasing viscosity at an intermediate shear values) of
many polymeric solutions (Rodríguez de Castro and Radilla,
2017; Sochi, 2010). Thus, equations to determine macroscopic
(i.e. upscaled) Darcy viscosity, Darcy shear rate, Darcy shear stress
using measurable parameters and without the shift factor (a) are
needed for the flow of a generalised Newtonian fluid and viscoelas-
tic fluid in porous medium.

The flow of polymeric fluids through simple geometry (such as
periodic array of cylinders, disorder porous medium) is previously
studied by numerically simulating generalised Newtonian fluid (i.e
power-law, Carreau, Cross model etc.) and viscoelastic fluid (i.e.
FENE, PTT, Oldroyd-B etc.) (Rodríguez de Castro et al., 2020;
Ellahi et al., 2012; Gireesha et al., 2017; Zami-Pierre et al., 2018;
Zami-Pierre et al., 2017; Airiau and Bottaro, 2020; Chhabra and
Richardson, 2011; Reddy and Reddy, 1992; Fagbemi et al., 2018;
Khalifeh and Clermont, 2005; Xie et al., 2018; Zhong et al., 2017;
Tembely et al., 2017; Patel et al., 2019; Clemens et al., 2013;
Malaspinas et al., 2007; Liu et al., 1998; Richter et al., 2010;
Alcocer and Singh, 2002; Morais et al., 2009; De et al., 2017; De
et al., 2017; De et al., 2016). The experiments as well as numerical
results have shown viscoelastic instability at low Reynolds number
for non-Newtonian fluid flows in porous media (De et al., 2016;
Rodríguez de Castro et al., 2016; de Anna et al., 2017; Rodríguez
de Castro and Agnaou, 2019; Galindo-Rosales et al., 2012; Kawale
et al., 2017; Browne et al., 2020; Ekanem et al., 2020; De et al.,
2018; De et al., 2017; De et al., 2017; Browne et al., 2020). How-
ever, numerical simulation studies of Meter model fluid (GNF)
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and Phan-Thien–Tanner model fluid (viscoelastic) flow through a
heterogeneous porous medium such as sandstone is absent in
the literature.

1.2. Present study

To address the above discrepancies, we propose a tortuous
Bundle-of-Capillaries model for the flow of non-Newtonian fluids
described by Meter model and Phan-Thien–Tanner model in Sec-
tion 3. The proposed Bundle-of-Capillaries model (hereafter
referred to as BCM) for non-Newtonian fluids takes into account
the geometric variability of the porous medium, the pore-size dis-
tribution, and the S-shape type rheological behaviour (using Meter
model) and viscoelastic behaviour (using linear Phan-Thien–
Tanner model) of the non-Newtonian fluids. We derive upscaled
Darcy viscosity, effective Darcy shear rate, effective Darcy shear
stress, effective Reynolds number and effective Péclet number
from pore-scale shear viscosity. We validate the proposed method
using experimental data from the literature and pore-scale direct
numerical simulations in Section 5.2 and 5.3, respectively. We also
numerically simulate the flow of shear stress-dependent Meter
model fluids and viscoelastic linear Phan-Thien–Tanner (PTT)
model fluids in heterogeneous porous medium using OpenFOAM
and validate the numerical simulation approach using experimen-
tal microfluidic observations in Section 5.3.1. Section 5.3.2 com-
pares results obtained by direct numerical simulation with BCM
approach and shows that the BCM captures the contribution of vis-
cosity in the active flow of the polymeric fluid in the pore-space of
porous medium.

2. Mathematical formulation

2.1. Governing equations

The continuity equation (Eq. 6), momentum equation (Eq. 7)
and and constitutive equation of fluids describe single-phase,
incompressible, laminar flow of non-Newtonian fluids through
void space (Bird et al., 1987).

r � u ¼ 0 ð6Þ

q
@u
@t

þ u � ru
� �

¼ �rP þr � s ð7Þ

here, P [Pa] is the pressure, t [s] is the time, u is velocity vector, and
s is the stress tensor. The constitutive equation of the stress tensor
of non-Newtonian fluid can be defined considering polymeric fluid
as a generalised Newtonian fluid (i.epower-law, Bingham, Cross,
Carreau, Meter model etc.) or viscoelastic fluid (i.e. Oldroyd-B, Gie-
sekus, FENE, PTT etc.) (Bird et al., 1987; Alves et al., 2021). We note
that these constitutive equations of non-Newtonian fluids have
been developed based on empirical approach with simplified
assumptions, thus, they have their own limitations (Bird et al.,
2007; Bird and Carreau, 1968). The Meter model (generalised New-
tonian fluid) (Meter and Bird, 1964) and linear Phan-Thien–Tanner
model (viscoelastic fluid) (Thien and Tanner, 1977) have analytical
solutions for laminar flow through circular geometry (Oliveira and
Pinho, 1999; Shende et al., 2021). We used above model in present
work as analytical solutions (Oliveira and Pinho, 1999; Shende et al.,
2021) helped us develop bundle of capillary model for non-
Newtonian fluid as described in Section 3.

2.1.1. Meter model
The constitutive equation of a shear stress-dependent gener-

alised Newtonian fluid is (Meter and Bird, 1964; Matsuhisa and
Bird, 1965; Shende et al., 2021)
3

s ¼ 2gðsÞD ¼ gðsÞ ðruþ ðruÞTÞ ð8Þ
where gðsÞ is the shear viscosity of the fluid, which is a function of
shear stress. The magnitude of the rate of strain tensor and stress
tensor for shear-dominated flow is as follows (Meter and Bird,
1964; Matsuhisa and Bird, 1965; Bird et al., 2007)

_c ¼
ffiffiffiffiffiffiffiffiffiffi
_c : _c
2

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2D : D

p
ð9Þ

s ¼
ffiffiffiffiffiffiffiffiffiffi
s : s
2

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g _c : g _c

2

r
¼ g

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ð _c : _cÞ

2

r
¼ g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2D : DÞ

p
ð10Þ

here, _c ¼ ðruþ ðruÞTÞand D ¼ 1
2
_c

We define S-shape type non-Newtonian rheology of the poly-
meric solution using shear stress-dependent Meter model (Eq.
11) (Meter and Bird, 1964; Shende et al., 2021),

g ¼ g1 þ g0 � g1

1þ s
sm

� �S ð11Þ

where, g [Pa�s] is the shear viscosity at a given shear stress ðsÞ;g0

[Pa�s] is the zero shear viscosity; g1 [Pa�s] is an infinite shear viscos-
ity; sm [Pa] is a shear stress of the non-Newtonian fluid at which
viscosity of the solution drops to g0þg1

2 ; S is the shear stress-
dependent exponent of Meter model which represent the slope of
shear thinning or shear thickening fluid. The characteristic time k

[s] of Meter model fluid is k ¼ g0þg1
2 sm . If g0 ¼ g1, Meter model con-

verts to Newtonian fluid. Meter model represents a shear thinning
fluid (if g0 > g1), and shear thickening fluid (if g0 < g1). The ana-
lytical solution for radial velocity profile (uðrÞ) and average velocity
(U) of a fluid flow obeying Meter model equation in a circular geom-
etry of radius (R) at pressure gradient of dP

dx are as given in Eq. 12 and
13, respectively (Shende et al., 2021).

uðrÞ ¼ � dP
dx

1
4 g0 g1

R2 g0 þ ðg1 � g0Þ2F1 1; 2S ;
Sþ2
S ;� g1

g0
� dP

dx
R

2 sm

� �S� �� ��

�r2 g0 þ ðg1 � g0Þ2F1 1; 2S ;
Sþ2
S ;� g1

g0
� dP

dx
r

2 sm

� �S� �� ��
;

ð12Þ

U ¼ � dP
dx

R2

8geff

Here, geff (Eq. 14) is the effective viscosity of the fluid for a given set
of fluid flow condition (Shende et al., 2021).

1
geff

¼ 1
g0 g1

ðg1 � g0Þ3F2 1; 2S ;
4
S ;

Sþ2
S ; Sþ4

S ;� g1
g0

� dP
dx

r
2 sm

� �S� ��

þ2 ðg0 � g1Þ2F1 1; 2S ;
Sþ2
S ;� g1

g0
� dP

dx
r

2 sm

� �S� �
� g0

�
;

ð14Þ

where, 2F1ða; b; c; zÞ and 3F2ða; b; c;d; e; zÞ are the hypergeometric
function. The hypergeom function of MATLAB can be utilised
to solve hypergeometric function, which is computationally
expensive. Thus, Shende et al. (2021) proposed computationally
inexpensive Eq. 15 to determine the approximate effective viscosity
of the Meter model fluid flow.

geff ¼ g1 þ g0 � g1

1þ 0:8 R
2 sm

dP
dx

� �S
Shende et al. (2021) have shown that effective viscosity helps to

estimate the Reynolds number of non-Newtonian fluid through cir-
cular geometry correctly.



T. Shende, V. Niasar and M. Babaei Chemical Engineering Science 239 (2021) 116638
2.1.2. Linear Phan-Thien and Tanner (PTT) model
The constitutive equations of the affine version of linear PTT vis-

coelastic model proposed by Phan-Thien and Tanner are (Thien and
Tanner, 1977; Oliveira and Pinho, 1999; Pimenta and Alves, 2017;
De et al., 2016; Cruz et al., 2005)

f ðtrðsÞÞ � sþ k
@s
@t

þ u � $s� s � ru� ðruÞT � s
� �

¼ gpðruþ ðruÞTÞ ð16Þ
here, k is the relaxation time, gp is the polymeric fluid contribution
to the zero shear viscosity (g0). Here, g0 ¼ gp þ gsand gs is the sol-
vent viscosity (Cruz et al., 2005). s is the polymeric extra-stress ten-
sor. The stress invariants function f ðtrðsÞÞ in above equation for PTT
follows linear form as given in Eq. 17 (Thien and Tanner, 1977;
Oliveira and Pinho, 1999),

f ðtrðsÞÞ ¼ 1þ ek
gp

trðsÞ
" #

ð17Þ

The constant parameter e (0 6 e 6 1) represents the extensional
properties (Cruz et al., 2005) of the viscoelastic fluid.

Oliveira and Pinho (1999) derived an exact analytical solution
for radial velocity profile (Eq. 18) and and average velocity (Eq.
19) for linear PTT model fluid flow through circular pipe.

uðrÞ ¼ � dP
dx

R2 � r2
� �

4gp
1þ ek2 dP

dx

	 
2
4g2

p
R2 þ r2
� � !

ð18Þ

U ¼ � dP
dx

R2

8gp
1þ ek2 R2 dP

dx

	 
2
3g2

p

 !
ð19Þ

Similar to the approach adopted by Shende et al. (2021),
Sadowski and Bird (1965), on equating Eq. 19 with Hagen–Poi-
seuille equation, we obtain the effective viscosity (geff ) of linear
PTT fluid flow as,

1
geff

¼ 1
gp

1þ ek2 R2 dP
dx

	 
2
3g2

p

 !
ð20Þ
3. Bundle-of-Capillaries model (BCM) for non-Newtonian fluids

We assume that N number of tortuous capillaries of varying
radii and length L are kept in parallel in a porous medium of size

(d� d� L), here, cross-sectional area of the medium is A ¼ d2 .
The bundle of circular capillaries consists of a set of different radii
and each radius (ri) appearing Ni times in a porous medium. The
relative frequency (ni) of a radius (ri) in a bundle of capillaries is
ni ¼ NiP

Ni
and

P
ni ¼ 1. Thus, porosity (/) of the porous medium

will be,

/ ¼ Vv

V
¼
P

nipr2i
d2 ; ð21Þ

where, Vv is the volume of voids, and V is the total volume. We note
that due to the heterogeneous nature, pore-size distribution of the
porous medium cannot always be defined using single probability
density function (e.g. log-normal distribution, Weibull distribution
etc.). Thus, we have not defined pore-size distribution using any
functional form.

3.1. Pore-correction coefficient (bp)

We note that the micro-capillaries in the porous medium follow
tortuous paths (Rodríguez de Castro et al., 2020) and the non-
4

circular cross-sectional area of a single micro-capillary varies along
its path. To account for this variation, we define hydraulic radius
(rh;N) of a single micro-capillary during the flow of Newtonian fluid
as rh;N ¼ bp r, where, bp is the pore-correction coefficient of a
micro-capillary and r [m] is the inscribed pore radius. Adopting
Hagen–Poiseuille equation, we define average pore velocity (UN)
of a Newtonian fluid in a bundle of micro-capillaries in parallel as,

UN ¼
X

ni ui ¼ 1
8l

dP
dx

X
ni ðbp riÞ2; ð22Þ

here, ui [m/s] is the average velocity of fluid in a micro-capillary of
radius ri, and l [Pa�s] is the Newtonian viscosity. The tortuosity (w)

of the porous medium is w ¼ Lg
Ls
, where, Lg is the average flow path of

porous medium and Ls is the straight line length (Ghanbarian et al.,
2013). Thus, average velocity of Newtonian fluid (i.e. Darcy velocity)
in the porous medium will be,

UN;D ¼ /
UN

w
¼ /

8lw
dP
dx

X
ni ðbp riÞ2; ð23Þ

Equating Eq. 23 with Darcy’s law (UN;D ¼ k
l

dP
dx) gives the intrinsic

permeability (k) as,

k ¼ /
8w

X
ni ðbp riÞ2 ð24Þ

Eq. 24 suggests that bp of the porous medium can be deter-
mined using measurable parameters (i.e. permeability (k), porosity
(/), and the pore-size distribution). We note that in the parallel
bundle of micro-capillaries, flow through large pore dominates
(Li et al., 2017; Błaszczyk et al., 2016). On the contrary, in reality,
the small pores in porous medium control the total flow. The
pore-correction coefficient (bp), which is an averaging parameter
of the pore radius, helps balance this variation.

3.2. Fluid-correction coefficient (bf )

Many non-Newtonian fluids used in industry are polymer
solutions. Thus, they are susceptible to adsorption, pore-clogging
and deposition in the pore spaces (Zami-Pierre et al., 2017).
Adsorption of polymer on the surface of a micro-capillary alters
the pore-geometry of the micro-capillary. Also, the elastic proper-
ties of non-Newtonian fluids stretch or contract polymeric mole-
cules in the pore space (Jagdale et al., 2020; Kawale et al., 2017).
This creates additional resistance to the non-Newtonian fluid flow
through tortuous micro-capillaries. Thus, we define hydraulic
radius of micro-capillary for flow of non-Newtonian fluids as
rh;NN ¼ bf rh;N ¼ bf bp r, where, bf is the fluid-correction coefficient
of micro-capillary due to fluid rheology during non-Newtonian
fluid flow.

The analytical solution for average velocity (uNN) of a non-
Newtonian fluid in a micro-capillary of the hydraulic radius
(rh;NN) is,

uNN ¼ ðbf bp rÞ2
8geff

dP
dx

; ð25Þ

here, geff for Meter model fluid will be as in Eq. 26 and geff for linear
PTT viscoelastic model fluid will be as in Eq. 27,

geff ¼ g1 þ g0 � g1

1þ 0:8 ðbf bp rÞ
2 sm

dP
dx

� �S ð26Þ

1
geff

¼ 1
gp

1þ ek2 ðbf bp rÞ2 dP
dx

	 
2
3g2

p

 !
ð27Þ
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Note that geff is a function of the radius of micro-capillary, thus,
an average pore velocity of non-Newtonian fluids (UNN) in a bundle
of parallel capillaries is,

UNN ¼ 1
8
dP
dx

Xni ðbf bp riÞ2
geff;i

; ð28Þ

The average velocity (i.e. Darcy velocity) of non-Newtonian flu-
ids in a tortuous porous medium will be,

UNN;D ¼ /
UNN

w
¼ /

8w
dP
dx

Xni ðbf bp riÞ2
geff ;i

; ð29Þ

On equating Eq. 1 with Eq. 29, we get hydraulic conductivity or
conductance (K) of porous medium as,

K ¼ k
gdarcy

¼ /
8w

Xni ðbf bp riÞ2
geff ;i

ð30Þ

Substituting Eq. 24 in Eq. 30, we obtain the non-Newtonian
fluid’s upscaled Darcy viscosity as follow,

gdarcy ¼
P

ni ðbp riÞ2P ni ðbf bp riÞ2
geff ;i

ð31Þ

The volumetric flow rate (QNN;D) of the non-Newtonian fluid in a
porous medium is,

QNN;D ¼ d2UNN;D ¼ d2/
8w

dP
dx

Xni ðbf bp riÞ2
geff;i

; ð32Þ

We obtain the volumetric flow rate of the non-Newtonian fluid
in terms of the pore radius by substituting Eq. 21 in Eq. 32

QNN;D ¼ 1
8w

dP
dx

Xni ðbf bp riÞ2
geff ;i

X
nipr2i ð33Þ

Eq. 29 and Eq. 33 suggest that the bf can be determined using
measurable parameters (i.e. Darcy’s flow rate/velocity, pore-size
distribution, porosity (/), tortuosity, and model parameters of
non-Newtonian fluid.)

3.3. Effective (upscaled) parameters

Effective viscosity of the fluid is the representative viscosity (i.e.
upscaled viscosity) for a given set of flow conditions in a circular
capillary (Shende et al., 2021). Similarly, effective shear rate and
effective shear stress are representative values (i.e. upscaled Darcy
values) for a given set of flow conditions in porous medium, which
take into account pore-size distribution and pore-scale variability.
We define the effective shear stress (seff ) in the porous medium
during the non-Newtonian fluid flow as,

seff ¼
X

ni si ¼ 1
2
dP
dx

X
ni ðbf bp riÞ; ð34Þ

Here, si is the wall shear stress in the micro-capillary of radius ri.
Similarly, the effective shear rate ( _ceff ) in the porous medium is
defined as in Eq. 35,

_ceff ¼
X

ni
si
geff ;i

¼ 1
2
dP
dx

Xni ðbf bp riÞ
geff ;i

ð35Þ

Reynolds number of the porous medium is generally defined
using particle diameter (Park et al., 1975; Savins, 1969). It is highly
unlikely to correctly define particle diameter of the porous med-
ium such as rocks. Furthermore, Reynolds number of fluid flow
in porous medium is a pore-scale property which must be defined
using geometry of the pore-space. Thus, adopting Shende et al.
5

(2021) approach, we define the effective Reynolds number (Reeff )
and the effective Péclet number (Peeff ) of a fluid flow in porous
medium as in Eq. 36 and Eq. 37, respectively,

Reeff ¼
X

ni Rei ¼ 2q
X ni ui ðbf bp riÞ

wgeff ;i
ð36Þ

Peeff ¼
X

ni Pei ¼
X ni ui ðbf bp riÞ

wDm
ð37Þ

Here, Rei and Pei are the Reynolds number and Péclet number of the
flow in micro-capillary of radius ri, respectively. Dm [m2/s] is the
coefficient of molecular diffusion. We note that Eq. (34)–(37) can
be used to estimate upscaled effective Darcy shear stress, effective
Darcy shear rate, effective Reynolds number and effective Péclet
number of the Newtonian fluid, respectively, by equating geff;i ¼ l
and bf ¼ 1. We note that effective parameters defined above takes
into account the pore-scale variation in these values due to varia-
tion in the pore-size in the porous medium, thus, these values could
be considered as representative values (i.e. upscaled values) for a
given set of conditions.

4. Numerical approach

We simulated the flow of non-Newtonian fluid modelled using
Meter model and viscoelastic linear PTT model through void spaces
using finite volume method based OpenFOAM C++ libraries (Jasak
et al., 2007) and compared the results with a bundle-of-capillary
model (BCM) for non-Newtonian fluids. The volume-averaged val-
ues over a porous medium domain obtained after numerical simu-
lation are considered as upscaled value for comparison to the
Darcy’s scale.

4.1. Meter model

To implement Meter model in OpenFOAM, we convert the
Meter model in terms of shear rate by substituting s ¼ gm _c in
Eq. 11, where gm ¼ g0þg1

2 is the viscosity of the fluid at sm. This
leads to corresponding change in exponent of Meter model to
S�1. The Meter model will be as in Eq. 38,

g ¼ g1 þ g0 � g1

1þ g0þg1
2 sm

_c
� �S�1 ð38Þ

The continuity equation (Eq. 6), momentum equation (Eq. 7)
along with Meter model equation (Eq. 38) was solved using
OpenFOAM 7. We used PIMPLE (i.e. merged PISO-SIMPLE) algo-
rithm of OpenFOAM to solve the pressure–velocity coupling with
8 nOuterCorrectors and increase the accuracy of the results
(Moukalled et al., 2016). The Semi-Implicit Method for Pressure-
linked equation (SIMPLE) algorithm (Patankar and Spalding,
1983) can calculate only steady-state solutions, on the contrary,
Pressure-Implicit Splitting Operator (PISO) algorithm takes into
account velocity correction term which was neglected in SIMPLE
algorithm (Moukalled et al., 2016; Issa, 1986). Readers are refers
to the (Moukalled et al., 2016; Patankar and Spalding, 1983; Issa,
1986; Ferziger et al., 2002) for more details on SIMPLE, PISO and
PIMPLE algorithm. The second-order implicit backward method
was used to discretise the time scheme of the governing equations.
The gradient term and divergence term were discretised using
Gauss linear scheme of OpenFOAM, which uses standard finite vol-
ume Gaussian integration. The Gauss linear uncorrected scheme of
OpenFOAM was employed to discretise Laplacian term of govern-
ing equations. The system of equations obtained after discretisa-
tion was solved using iterative matrix solvers. We computed the
pressure field using Generalised Geometric-Algebraic Multi Grid
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(GAMG) solver with diagonal incomplete-Cholesky (symmetric)
smoother. The velocity profile was determined using smoothSolver
of OpenFOAM with a Gauss–Seidel smoother. We applied the con-
vergence criteria of 10�6 for pressure and velocity field. The time-
step of 10�7 s was applied to maintain a Courant number (C) below
0.01 during the simulation. The Courant number is defined as
C ¼ uDt

Dx , where, Dt is the time step and Dx is length interval. The
magnitude of shear rate and shear stress in flow field was deter-
mined using Eq. 9 and Eq. 10, respectively.

4.2. Linear Phan-Thien–Tanner model

We used RheoTool (Pimenta and Alves, 2016), which is imple-
mented in the OpenFOAM, to simulate linear PTT fluid flow. Rheo-
Tool uses the Semi-Implicit Method for Pressure-linked equation
(SIMPLEC) algorithm for pressure–velocity coupling (Pimenta and
Alves, 2017). Pimenta and Alves (2017) developed a new method
for stress-velocity coupling which is second-order accurate and
implemented in RheoTool (Pimenta and Alves, 2016). We used pre-
conditioned conjugate gradient solver to estimate the pressure and
velocity field, whereas, preconditioned (bi-) conjugate gradient
(PBiCG) solver was utilised to estimate stress field. The Gauss lin-
ear corrected scheme was used to discretise Laplacian term and
Gauss linear scheme to discretise gradient and divergence term
of governing equations. Convergent and Universally Bounded
Interpolation Scheme for the Treatment of Advection (CUBISTA)
scheme was used for convective term (Alves et al., 2003; Pimenta
and Alves, 2016; Pimenta and Alves, 2017) of the governing equa-
tion. Readers are referred to (Pimenta and Alves, 2017; Pimenta
and Alves, 2016) for detailed information on available methods
to solve linear PTT model using RheoTool.

4.3. Numerical domain and boundary conditions

We conducted three sets of numerical experiments. In the first
set, we used microfluidic experimental data of Galindo-Rosales
Fig. 1. (a) Symmetric micro-channel with 20 repetitive elements of (b) with size: L1 = 10
size 726 lm � 440 lm, (d) pore-size distribution of 2D porous medium, (e) segmented
distribution of Mt Simon sandstone. Fluid flows from left to right. No-slip condition at s
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et al. (2012) to validate numerical simulation approach adopted
in the present work. In the second set, we simulated the Meter
model fluid flow through 2D porous medium (Fig. 1c) over a pres-
sure gradient range and compared it with a BCM. In the third set,
we simulated Newtonian fluid, Meter model fluid, and linear PTT
fluid flow through heterogeneous Mt Simon sandstone (Fig. 1c)
and compared them with BCM. Fig. 1 shows the porous medium
domain’s geometry along with pore-size distribution and boundary
conditions. We applied wall boundary condition at the top, bottom,
front, back and solid surface of 3D domain with no-slip velocity
and zero fixed flux pressure. The right boundary had total pressure
and zero flux corrected velocity boundary conditions.

To validate numerical simulation approach adopted in the pre-
sent work for the flow of Meter model fluid and linear PTT fluid in a
porous medium, we used experimental data of Galindo-Rosales
et al. (2012). Similar to Galindo-Rosales et al. experiments, we sim-
ulated flow of polyacrylamide (PAA, 50 ppm) fluid through sym-
metric micro-channel (Fig. 1a.) in 3D over a range of Deborah
numbers (0.01–5). We applied a constant injection rate boundary
condition at the inlet (left boundary). Readers are referred to
(Galindo-Rosales et al., 2012) for more details on experiments.
Similar to (Galindo-Rosales et al., 2012), we defined Deborah num-
ber as De ¼ k U

l , where, k is the longest relaxation time and l is the
characteristic length scale.

In the second set of numerical experiment, we simulated flow of
the 0.50% PAA fluid of Park et al. (1975) modelled using Meter
model through a 2D porous medium (/ ¼ 0:38) over a range of
pressure gradient values (102 - 108 Pa/m). We applied a constant
pressure gradient at the left boundary (inlet) of the 2D porous
medium (Fig. 1c).

In the third set, we simulated the flow of Newtonian fluid (wa-
ter, l = 0.001 Pa�s) and 50 ppm PAA fluid of Galindo-Rosales et al.
(2012) modelled using Meter model and linear PTT model through
heterogeneous Mt. Simon sandstone (/ ¼ 0:24) of Kohanpur et al.
(2020) in 3D. We applied constant injection velocity at the left
boundary of Mt Simon sandstone.
6 lm, L2 = 32 lm, W1 = 108 lm, W2 = 40 lm, H = 103 lm, (c) 2D porous medium of
Mt Simon sandstone of size 842.8 lm � 842.8 lm � 842.8 lm, and (f) pore-size
olid surfaces and boundaries (except at inlet and outlet).



Fig. 2. Comparison of experimental radial velocity profile of Escudier et al. (2005)
with analytical solution of Meter model (Eq. 12) and and linear Phan–Thien–Tanner
(Eq. 18) during flow of a 0.125% polyacrylamide (PAA) fluid through a circular tube
(radius 0.05 m) [Meter model parameters: g0 ¼ 0:2257 Pa�s, g1 ¼ 0:000896 Pa�s,
sm= 0.2381 Pa, S = 1.2 (Shende et al., 2021); linear PTT model parameters:
gp ¼ 0:2257 Pa�s, k= 0.47 s, e = 0.65].
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4.4. Image processing and visualisation

We used Fiji ImageJ software (Schindelin et al., 2012) to process
images and Paraview 5.7.0 software to visualise and post-process
the fluid flow profile data. We used micro-CT scan data of Mt
Simon sandstone of Kohanpur et al. (2020) which is available at
Digital Rock portal (Prodanovic et al., 2015). The details of the
micro-CT scan of Mt. Simon sandstone (original size 3.363 mm3)
is given in Kohanpur et al. (2020). Voxel size of the segmented
micro-CT sample is 2.8 lm. We took subsample of size
301�301�301 voxel (i.e. 842.8 lm � 842.8 lm � 842.8 lm) from
original Mt. Simson sandstone for present work to minimise com-
putational expenses. The pore-spaces from images were extracted
and saved in the required stereolithography (STL) format using ’3D
Viewer’ plugin (Schindelin et al., 2012) of imageJ. The mesh in the
pore-space of the extracted STL file was generated using snappy-
HexMesh module of OpenFOAM. We determined pore-size distri-
bution and porosity of the porous medium using the method
proposed by Rabbani and Salehi (2017).

We computed the fluid flow rate at the right boundary of the
porous medium using SurfaceFlow filter of the Paraview, which
integrates the fluid’s velocity over the surface at the outlet. We
computed average velocity through the porous medium by divid-
ing the estimated flow rate by total cross-section area of the por-
ous medium at the outlet boundary. We used the ‘‘Integrate
variable” filter of Paraview to estimate pore-scale volume-
averaged velocity, shear rate, shear stress, and viscosity over the
porous medium domain. These volume-averaged values can be
considered as upscaled values. We simulated flow of water
through porous medium using OpenFOAM to determine the intrin-
sic permeability of the porous medium (using Eq. k ¼ UN l

dP
dx
).

4.5. Assumptions and limitations

Meter model is an empirical equation that gives the best fit of
shear viscosity – shear stress data. These data are measured using
a rheometer and are susceptible to measurement errors. Meter
model equation does not consider viscoelasticity (e.g., relaxation
time, normal stress, and shear modulus) of the fluids. The linear
PTT model defines the extra stress tensor of the fluid flow theoret-
ically. For instance, the relaxation time of non-Newtonian fluid
varies with the applied stress; however, linear PTT model considers
the longest relaxation time in its formulations. The viscoelastic
fluid flow simulation modelled using PTT has numerical stability
issues. We have used both-side-diffusion technique implemented
in rheotool to address the stability issue in PTT fluid flow simula-
tions. The readers are referred to (Chen et al., 2013) which com-
pares different approaches available in the literature to stabilize
viscoelastic fluid flow simulation. Readers are also referred to
(Bird et al., 1987; Alves et al., 2021; Pimenta and Alves, 2017;
Pimenta and Alves, 2016) for detailed information on the assump-
tion and limitation of GNF and viscoelastic fluid flow simulations.
Although these models are developed based on certain assump-
tions and have limitations, they provide certain understandings
about the fluid dynamics of non-Newtonian fluids.

5. Results and discussion

5.1. Analytical solutions

Fig. 2 shows that an experimental velocity profile of Escudier
et al. (2005) gave a good fit with the analytical solution of MM
(Eq. 12) and and linear PTT (Eq. 18) models for radial velocity pro-
file at the pressure gradients of 37.5 Pa/m during the flow of
0.125% polyacrylamide through the pipe of radius 5 cm. We note
7

that the rheological parameters of Phan-Thien–Tanner model were
absent in the (Escudier et al., 2005) work; thus, we considered
zero-shear viscosity (g0) of PAA as polymer viscosity of the linear
PTT gp ¼ 0:2257. The characteristic time of Meter model (Shende

et al., 2021) (i.e k ¼ g0þg1
2 sm = 0.47 s) was considered as the longest

relaxation time of PAA fluid. The e parameter of linear PTT model
was considered as the fitting parameter for velocity profile. e value
of 0.65 gave a good fit with an experimentally observed velocity
profile of Escudier et al. (2005) as shown in Fig. 2.

These results imply that the Meter model parameters and the
Meter model’s analytical solution for velocity profile can be utilised
to determine the unknown parameters of the linear PTT model.
Thus, we have adopted the same approach to determine linear
PTT model parameters from Meter model parameters of PAA fluid
in the subsequent work.

5.2. Validation of BCM using experimental observation

We utilised experimental data of 0.5% Separan AP30 (polyacry-
lamide, PAA) fluid flow in a packed bed of glass beads (Park et al.,
1975) to validate the Bundle-of-Capillaries model (BCM) for non-
Newtonian fluids approach proposed in the present work. Fig. 3a
shows a perfect fit of shear viscosity data of Park et al. (1975) with
the Meter model (Eq. 11). The Meter model parameters and linear
PTT model parameters are given in the description of the Fig. 3.
Linear PTT parameters were determined using Meter model
parameters and comparing the MM and linear PTT model’s analyt-
ical solution described in Section 5.1. Due to absence of the packed
beds pore-size distribution and tortuosity data in (Park et al.,
1975), we utilised the sand-pack pore-size distribution of Lopez
(2004) as shown in Fig. 3b and sand-pack tortuosity value of 1.4
(Liu et al., 2015) in the present work. We computed bp ¼ 11:56
of the sand-pack using Eq. 24 and adopting permeability value
(k ¼ 3:57� 10�9 m2) of Park et al. (1975) packed bed. The esti-
mated bf ¼ 0:79 for Meter model fluid and bf ¼ 0:75 for linear
PTT model implies that the non-Newtonian fluid alters geometry
of the pore-structure due to either adsorption, deposition of poly-
mers/colloidal suspension, pore blockage or viscoelastic instability.
We note that the bp and bf are pore-scale parameters which take
into account the pore-scale variability due to geometry of the pore
space and fluid rheology, thus, different porous medium and fluids
will have different b values.

Fig. 3c and Fig. 3d depict that the Darcy velocity estimated using
Eq. 28 and Darcy viscosity estimated using Eq. 31 in the packed bed
match closely with the experimentally measured data of Park et al.



Fig. 3. (a) Experimental shear viscosity-shear stress of 0.5% Separan AP30 fluid of Park et al. (1975) modelled using Meter model (MM, Eq. 11), (b), (b) sandpack network pore
size distribution of Lopez (2004), (c) experimentally measured Darcy velocity as a function of pressure gradient (Park et al., 1975) compared with velocity estimated using Eq.
29, (d experimental Darcy viscosity compared with Darcy viscosity estimated using Eq. 31, (e experimental shear viscosity as a function of shear stress (measured using
rheometer) compared with Darcy viscosity and effective shear rate estimated using Eq. 31 and Eq. 35, and (f) experimental shear rate as a function of shear stress (measured
using rheometer) compared with the effective shear rate and effective shear stress estimated using Eq. 34 and Eq. 35. BCM-MM: Bundle-of-capillary model for Meter model
fluid; BCM-PTT: Bundle-of-capillary model for linear Phan-Thien–Tanner model fluid. Meter model parameters: g0 ¼ 4:35 Pa�s, g1 ¼ 0:001 Pa�s, sm= 0.718 Pa, S = 1.471; linear
PTT model parameters: gp ¼ 4:35 Pa�s, k= 3 s, e = 0.6.

Fig. 4. Effective Reynolds number (Reeff ) estimated using BCM (Eq. 36) over a range
of experimentally observed flow-rate values of Park et al. (1975) during flow of 0.5%
PAA fluid through a packed bed.
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(1975). Furthermore, Fig. 3e depicts a good fit of the experimen-
tally measured shear viscosity - shear stress data (measured using
rheometer) (Park et al., 1975) with the Darcy viscosity-effective
shear stress estimated using BCM (Eq. 31 and Eq. 34). Likewise,
Fig. 3f shows a good match of the experimental shear rate-shear
stress with an effective Darcy shear rate-effective Darcy shear
stress estimated using Eq. 34 and Eq. 35 of BCM respectively. These
results are an improvement to the reported methods in literature
(e.g.. (Park et al., 1975; Lopez, 2004; Rodríguez de Castro and
Radilla, 2016; Rodríguez de Castro and Radilla, 2017; Rodríguez
de Castro et al., 2016)) wherein the shift factor a was applied to
match the shear rate-dependent viscosity measured using rheome-
ter with the Darcy viscosity in porous medium. The mismatch
observed in the previous works was due to the simplified assump-
tion of a Bundle-of-Capillaries model based Carman–Kozeny equa-
tion that does not consider the pore-size distribution and
alteration in the effective pore radius due to polymeric adsorption,
desorption and viscoelasticity.

The analytical solution of linear PTT model derived by Oliveira
and Pinho (1999) does not consider the contribution of solvent vis-
cosity. This could be the reason for the slight deviation of linear
PTT based BCM estimate from the experimental observations, as
shown in Fig. 3. However, Meter model based BCM estimate closely
matches with experimental observations.

Fig. 4 compares effective Reynolds number estimated using Eq.
36 with the volumetric flow rate of MM fluid and linear PTT fluid in
porous medium estimated using Eq. 33. Fig. 4 implies that even
though effective Reynolds number of the non-Newtonian fluid is
lower than 1.67, the volumetric flow rate is non-linearly depen-
dent on the effective Reynolds number. This non-linearity is due
8

to the elasticity of non-Newtonian fluids (Rodríguez de Castro
et al., 2016; Kawale et al., 2017; Jagdale et al., 2020). The proposed
BCM correctly captures changes observed during non-Newtonian
fluids’ flow due to elasticity through bf .

Park et al. (1975) estimated Reynolds number based on particle
diameter ranged from 6� 10�5 to 0.93 for packed bed, on the con-
trary effective Reynolds number estimated using Eq. 36 of BCM for
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the same experimental data ranged from 7:2� 10�5 to 1.67 (Fig. 4).
Park et al.’s Reynolds number is based on representative particle
diameter; on the contrary, BCM based Reynolds number is an aver-
age Reynolds number of the fluid in capillaries. This suggests that
Reeff estimated using BCM is representative Reeff for non-
Newtonian fluids in the porous media compared to the Re formu-
lation developed based on the particle diameter. Rodríguez de
Castro and Radilla (2016) experimentally observed similar non-
linear relationship between Reeff and volumetric flow rate for
non-Darcy flow of xanthan gum fluids in the fractured granite
and the Vosges sandstone.

5.3. Direct numerical simulation (DNS)

5.3.1. Validation of numerical simulations
Galindo-Rosales et al. experimental measurements (Galindo-

Rosales et al., 2012) during the flow of shear-thinning 50 ppm
polyacrylamide (PAA) fluid in symmetric micro-channel were used
to validate numerical simulation approach adopted in the present
work for the flow of Meter model fluids and linear PTT model fluid
in the porous medium. Fig. 5a shows a statistically good fit of
experimental shear viscosity data of Galindo-Rosales et al. (2012)
with the Meter model (Eq. 11). The Meter model parameters and
linear PTT parameters are given in the description of Fig. 5. The
characteristic time of Meter model (0.054 s) was similar to the
relaxation time measured by Galindo-Rasales et al. using capillary
break-up extensional rheometer (CaBER). The parameter e was
determined using an analytical solution of linear PTT and Meter
model.

We adopted 3D simulation domain similar to Galindo-Rosales
et al. (2012) (see Fig. 1a,b). The fine mesh with over 10 million
mesh points was generated using snappyHexMesh in the
Fig. 5. Comparison of the streamline data obtained after numerical simulation of the
symmetric microchannel geometry with the experimental streamline data reported by G
shear stress (50 ppm PAA solution, Meter model parameter: g0 ¼ 0:11 Pa�s, g1 ¼ 0:0014
Pa�s, k= 0.054 s, e = 0.3, f = 0.02. (b) Comparison of experimentally observed pressure g
modelled using Meter model and linear PTT model. (c,d,e) Experimentally observed st
obtained after linear PTT model numerical simulations. (i,j,k) Streamline of the flow obta
stress profile at De = 0.25 during linear PTT model fluid.
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microchannel domain. We applied a constant injection rate at the
inlet and allowed the flow to reach statistically steady-state.
Fig. 5b shows that experimentally observed pressure gradient-
Deborah number closely matches the numerical simulations of
the Meter model and linear PTT model. However, the Meter mod-
el’s streamline could not match the experimental observation of
Galindo-Rosales et al. (see Fig. 5). Linear PTT model takes into
account the elasticity of the fluid; thus, Fig. 5 depicts that stream-
lines reported by Galindo-Rosales closely match with streamlines
of linear PTT model simulations for similar fluid flow conditions.
Similar to experimental observation, simulation using linear PTT
model shows vortex formation even at lower Deborah numbers.
The vortex size increased at the corner with an increase in Deborah
number (see Fig. 5f,g,h).

The linear PTT fluid simulation showed chaotic unsteady flow
during the initial few seconds with drastic variations in the shape
and size of the vortex. However, after a critical time linear PTT fluid
reached a statistically-steady state with a relatively same vortex
pattern (i.e. viscoelastic instability) at the corner. Movie clip 1 of
the supporting information (SI) shows this transition of chaotic vis-
coelastic instability from unsteady state to statistically-steady
state instability using velocity vector glyphs for linear PTT fluid
flow at De of 0.25. Fig. 5l,m show the profile of velocity and mag-
nitude of stress at the micro-channel centre over a simulation
domain. Fig. 5l,m depict that velocity and magnitude of stress at
the throat are much larger than the other regions of the micro-
channel domain.

These results imply that the linear PTT model gives a more
accurate description of pore-scale fluid flow behaviour than the
Meter model. However, the average values of the stress, shear rate,
velocity, and pressure gradient in the linear PTT model and Meter
model’s simulation domain are comparable, with slight variation.
flow of 50 ppm PAA fluid (modelled using Meter model and linear PTT model) in
alindo-Rosales et al. (2012) over a range of Deborah numbers. (a) Shear viscosity -
Pa�s, sm ¼ 1:07 Pa, S ¼ 1:2); linear PTT model parameters: gp ¼ 0:11 Pa�s, gs ¼ 0:001
radient as a function of Deborah numbers with numerical simulation of PAA fluid
reamline snapshot of Galindo-Rosales et al. (2012). (f,g,h) Streamlines of the flow
ined after MM model numerical simulations. (l,m) Velocity profile and magnitude of
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5.3.2. Polymeric fluid flow in a 2D porous medium
Fig. 1c shows pore structure of the 2D micro-porous medium of

size 726 lm � 440 lm (Mohammadmoradi and Kantzas, 2016).
The pore size distribution (Fig. 1d) and the porosity of 38% are as
shown in Fig. 1d. We simulated flow of 0.5% PAA fluid of Park
et al. (1975) modelled using Meter model over a range of pressure
gradient values (1.38 �102 - 1.38 �108 Pa/m). The intrinsic perme-
ability of the 2D porous medium estimated using simulation was
1.32 �10�12 m2. We estimated tortuosity of 1.04 for 2D porous
medium by measuring length of streamlines. We obtained bp of
0.5215 for the 2D porous medium using pore-size distribution val-
ues as given in Fig. 1d. The BCM-MM approach gave same volumet-
ric flow rate as obtained using direct numerical simulations over a
range of pressure gradient values at the bf ¼ 1.

Fig. 6 depicts the boxplot statistics observed for the distribution
of viscosity values in the 2D porous medium over a range of shear
stress values. It also compares the mean viscosity obtained using
simulations with a viscosity estimated using BCM approach (Eq.
31) and and the experimental shear viscosity (measured using
rheometer). The experimental shear viscosity of PAA of Park et al.
(1975) for a given shear value was estimated using the Meter
model. The figure shows many outlier viscosity values (marked
in red plus sign) at higher shear values. These values represent
the fluid’s viscosity in the immobile (stagnant) zones, which do
not contribute to the fluid’s active flow in the porous medium. It
also shows that average viscosity values lie in the upper outlier
region of the boxplot.

To explore further, similar to the approach adopted by de Anna
et al. (2017), we define the immobile zone (or stagnant zone) as the
pore space region which has pore-velocity two orders of magni-
tude lower compared to the average pore-velocity in the porous
medium domain and rest of the pore-space region as the mobile
zone. We segmented the porous medium domain in the high
pore-velocity mobile zone and low pore-velocity immobile (stag-
nant) zone, as shown in Fig. 7a. We observed that the immobile
zone was 14% of the porous medium domain over a range of pres-
sure gradients (1.38 �102 Pa/m, 1.38 �104 Pa/m, 1.38 �106 Pa/m,
and 1.38 �108 Pa/m). Fig. 7 depicts that most immobile zones are
either dead-end of the pore-spaces or perpendicular to the applied
pressure gradient and active fluid flow direction. Fig. 7b shows a
comparison of the average viscosity of the fluid in the porous med-
ium domain, its mobile zone, its immobile stagnant zone (obtained
Fig. 6. The boxplot of the viscosity as a function of shear stress during flow of Meter m
values obtained using BCM approach (Eq. 31) and and experimental shear viscosity valu
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after numerical simulation) and the Darcy viscosity (estimated
using BCM approach) over a range of pressure gradients. These
results show that the average viscosity of the fluid in the immobile
zone is very high compared to the mobile zone. Moreover, viscosity
of the fluid in the mobile zones closely matches with the Darcy vis-
cosity of the fluid in the porous medium estimated using BCM
approach. These results imply that the Darcy viscosity of the fluid
represents the viscosity of fluid in the mobile zone of porous med-
ium only.
5.3.3. Flow in Mt. Simon sandstone
To explore the effectiveness of the Bundle-of-Capillaries model

for non-Newtonian fluids, we simulated the flow of water, and
50 ppm PAA fluid of Galindo-Rosales et al. (2012), modelled using
Meter model and linear PTT model, through Mt. Simon sandstone
at a constant injection rate of 10�4 m/s. Fig. 1e shows a segmented
3D subsample of Mt. Simon sandstone utilised in the present work.
In total 12,112,242 mesh point was generated in the pore-space of
Mt. Simon sandstone’s subsample using snappyHexMesh module
of OpenFOAM. We determined pore-size distribution (Fig. 1f) and
porosity of (24 � 4%) of the Mt. Simon sandstone. The porosity of
24% and the degree of anisotropy of 0.255 determined using ’BoneJ’
plugin of ImageJ suggests that sandstone subsample is heteroge-
neous. The average length of streamlines of fluid flow in the Mt.
Simon sandstone was 0.001089 m, which gave tortuosity of 1.29.

Table 1 shows estimated average velocity, pressure gradient,
and permeability during the flow of water, MM fluid, and linear
PTT fluid through Mt. Simon sandstone. The intrinsic permeability
of 4.2�10�12 m2 estimated in present work using OpenFOAM sim-
ulation is close to the permeability of 3.8�10�12 to 4.15�10�12 m2

estimated by Kohanpur et al. (2020) using the lattice-Boltzmann
method, pore-network method and direct numerical simulations
for the subsample of Mt. Simon sandstone. The computed parame-
ters given in the Table 1 are close to the field scale values (Berg and
van Wunnik, 2017).

Fig. 8 shows the comparison of velocity fields and streamlines in
3D during the fully developed steady-state flow of water, PAA fluid
modelled using Meter model and linear PTT model in Mt. Simon
sandstone at a constant injection rate of 10�4 m/s. Fig. 8 depicts
that the flow paths adopted by Water and PAA fluid modelled
using Meter model are similar, on the contrary, the flow path
adopted by PAA fluid modelled using linear PTT model shows slight
odel fluid through 2D porous medium. The boxplot statistics is compared with the
es (measured using rheometer). red plus signs indicate outlier values.



Fig. 7. (a) Immobile zone (marked in a black colour) and velocity profile in a mobile zone (marked in red - white - blue colour) at a pressure gradient of 138 MPa/m, and (b)
average viscosity in the total porous medium domain, immobile (stagnant) zone, and mobile zone obtained using BCM and DNS.

Table 1
OpenFOAM simulation based estimated parameters during flow of Newtonian (water)
and 50 ppm PAA fluid through Mt. Simon sandstone.

Parameter Water 50 ppm PAA

MM PTT

Average velocity (m/s) 1.47�10�4 1.47�10�4 1.47�10�4

Pressure gradient (MPa/m) 0.035 0.52 0.5
Intrinsic permeability (m2) 4.2�10�12 - -

T. Shende, V. Niasar and M. Babaei Chemical Engineering Science 239 (2021) 116638
deviation compared to Meter model at same injection rate. This
slight deviation in the flow path is due to visco-elasticity of the
PAA fluid, which linear PTT could capture. Formation of the vortex
in the pore-spaces was observed during the PAA fluid flow mod-
elled using linear PTT model at an applied injection rate of 10�4

m/s. However, we did not observe vortex formation during the
flow of water and PAA fluid modelled using Meter model. This
implies that the variation of pore-space geometry (i.e. converging
or diverging) in the heterogeneous Mt. Simon sandstone influences
the flow path of a single-phase flow of PAA fluid even if the flow is
predominantly laminar. Note that distribution of velocity values
over 12 million points in the Mt simon sandstone’s pore-space
are similar for Water, MM fluid and linear PTT fluid, due to the
same injection rate (see Fig. 8d).

The relative frequency distribution of velocity profile (Fig. 8d) of
the PAA fluid in the porous medium follows a similar trend as
observed by De et al. (2017) during the flow of viscoelastic fluid
through random porous medium. Although a same injection flow
rate was applied at inlet during the flow of water and the PAA fluid,
Fig. 8. Comparison of the streamline and velocity fields in the Mt Simon sandstone durin
using (b) Meter model (MM), and (c) linear PTT model. (d) Relative frequency of velocity
sandstone.
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the distinct variations in the stress field exist in an Mt. Simon sand-
stone for water and PAA fluid (Fig. 8e) flow. Berg and van Wunnik
(2017) observed a similar trend for the shear rate field during New-
tonian fluid (water) flow through Berea sandstone.
5.3.4. Comparison of BCM approach with DNS
Table 2 compares the estimated values using direct numerical

simulation and BCM approach during the flow of PAA fluid through
Mt. Simon sandstone. We obtained bp of 0.4018 for Mt. Simon
sandstone using pore-size distribution values as given in Fig. 1f,
porosity of 24%, tortuosity of 1.3 and intrinsic permeability of
4.2�10�12 m2. The bf parameters as given in the Table 2 gave vol-
umetric flow rate of 1.6648�10�12 m3/s at the outlet similar to the
volumetric flow rate obtained using direct numerical simulations
of PAA fluid modelled using Meter model and linear PTT model.

Table 2 shows that the estimated values for average viscosity,
average shear rate and average stress using BCM are different from
those obtained using direct numerical simulations. Since viscosity,
shear rate and stress values are distributed in the Mt. Simon
sandstone; the average values estimated using DNS may not
be representative values for Darcy scale flow as described in
Section 5.3.2. Thus, effective shear rate, effective shear stress and
Darcy viscosity estimated using BCM could be considered the
representative values for Mt. Simon sandstone. We note that the
average shear stress values of BCM are relatively close to the values
estimated using DNS.

The Mt. Simon sandstone’s viscosity values vary from 0.009 to
0.11 Pa�s with an average value of 0.058 Pa�s during Meter model
g the flow of (a) water, and 50 ppm PAA fluid of Galindo-Rosales et al. (2012) model
, and (e) relative frequency of shear stress over 12 million mesh points of Mt. Simon



Table 2
Comparison of DNS and BCM estimated parameters during flow of a PAA fluid, modelled using Meter model and linear PTT model, through Mt. Simon sandstone.

Parameter BCM DNS

MM PTT MM PTT

bf 1.17 1.286 - -
Average velocity (m/s) 1.47�10�4 1.47�10�4 1.47�10�4 1.47�10�4

Average viscosity (Pa�s) 0.0143 0.0143 0.058 0.0361
Average stress (Pa) 2.98 3.28 2.01 1.44
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fluid flow. On the contrary, Darcy viscosity estimated using BCM is
0.0143 Pa�s. To examine the reason for this drastic variation, we
segmented flow zone into the mobile and immobile zone as
described in Section 5.3.2.We obtainedmean viscosity of 0.014 Pa�s
and 0.09 Pa�s in the mobile zone and immobile (stagnant) zone in
the Mt. Simon sandstone. 25% of the volume was an immobile zone
in the Mt. Simon sandstone. The average viscosity in the mobile
zone closely matches with the Darcy viscosity estimated using
BCM. These results further strengthen that the Darcy viscosity is
the non-Newtonian fluid’s viscosity in the active mobile zone of
the porous medium.
6. Conclusions

We defined the pore-correction coefficient bp of a micro-
capillary during Newtonian fluid flow and the fluid-correction
coefficient bf for correcting the pore geometry of micro-capillary
due to fluid rheology during non-Newtonian fluid flow. The pro-
posed model takes into account the effect of variation of geometric
properties of porous medium and the effects of non-Newtonian flu-
ids on the hydraulic conductivity of the fluid in the porous media.
The proposed BCM formulations for upscaled Darcy viscosity,
effective Darcy shear rate, and effective Darcy shear stress do not
depend on the empirical shift factor (a). Most of the recent works
(e.g., (Berg and van Wunnik, 2017; Zami-Pierre et al., 2017; Zamani
et al., 2017)) were focused on identifying relationship between a
with pore-morphology and fluid rheology. The BCM model
approach differentiates the effect of pore structure (using bp) and
the effect of fluid rheology (using bf ) on the behaviour of the fluid
flow in porous medium. While a is an empirical fitting parameter
that is being used to correct the Darcy shear rate value of the por-
ous medium, bp and bf are directly related to the physical param-
eters, i.e. pore morphology, of a porous medium, respectively.

We have also shown that the shear viscosity in rheometer and
Darcy viscosity in porous media under given shear values are sim-
ilar. The effective Reynolds number formulation proposed in the
present work represents Reynolds number of non-Newtonian flu-
ids flow in the porous medium compared to the Reynolds number
proposed based on particle diameters and Blake-Kozeny equations.

Moreover, we simulated non-Newtonian fluid flow (modelled
using shear stress-dependent Meter model and linear Phan-Thien
Tanner model) through porous medium using the finite volume
method based on OpenFOAM C++ libraries. We have shown that
the Phan-Thien Tanner model gives a more accurate pore-scale
description of the fluid flow than the Meter model. However, the
upscaled values of both Meter model and linear PTT model are
comparable.

The flow fields of viscosity and shear stress obtained after direct
numerical simulation of the flow of polymeric PAA fluid and New-
tonian fluid show that the pore space geometry of porous medium
affects the fluid flow behaviour. The volume-averaged shear rate,
average shear stress and average velocity obtained after direct
numerical simulation closely match the proposed Bundle-of-
Capillaries for the non-Newtonian fluids approach developed for
the Meter model and linear PTT viscoelastic model. However, the
12
porous medium’s immobile and mobile zones affect rheology, so
that the Darcy viscosity of the fluid associates with the viscosity
of the fluid in the active mobile zone of porous medium only.

Direct numerical simulation is computationally expensive and,
consequently, cannot be directly applied to the field scale applica-
tions, e.g. enhanced oil recovery. The upscaled macroscopic param-
eters using BCM approach could be utilised for Darcy scale
simulation. This will be our future interest. Another line of research
is two-phase flow modelling at pore scale using the Meter model
and experimental microfluidic data (Eberhard et al., 2020), and dif-
ferentiate the impact of different flow zones on upscaled viscosity
from pore scale.
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